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Motivation

� Cut-elimination one of the central tools of proof theory

� Cut-elimination applied to mathematical proofs

� non-deterministic ñ mathematically different results

� Characterization of possible results ?

� Methods: witness terms
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Herbrand’s theorem

� Herbrand’s Thm. If Dx̄Apx̄q is valid, then there are tuples of
terms t̄i s.t.

�k
i�1 Apt̄i q is a tautology.

� Algebraic structure of the set of Herbrand-disjunctions
of Dx̄Apx̄q:

t tApt̄i q | i P I u | I � N,
ª
iPI

Apt̄i q tautologyu

Least upper bound ?

� Hpπq ... quantifier-free instances of end-formula

� Prop. If π Ñ π� then there is a set Σ of substiutions s.t.
Hpπ�q � HpπqΣ.

3/ 13



Example

$ Apaq,Apbq

$ DxApxq,Apbq
Dr

$ DxApxq, DxApxq
Dr

$ DxApxq
cr

Apαq $ Bpf pαqq

Apαq $ DxBpxq
Dr

Apαq,Bpβq $ C pgpα, βqq

Apαq,Bpβq $ DxC pxq
Dr

Apαq, DxBpxq $ DxC pxq
Dl

Apαq $ DxC pxq
cl, cut

DxApxq $ DxC pxq
Dl

$ DxC pxq
cut

Hpπq � tC pgpα, βqqu
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Base substitions

Define set of base substitutions Bpπq of π.

Example:

$ Apaq,Apbq

$ DxApxq,Apbq
Dr

$ DxApxq, DxApxq
Dr

$ DxApxq
cr

Apαq $ Bpf pαqq

Apαq $ DxBpxq
Dr

Apαq,Bpβq $ C pgpα, βqq

Apαq,Bpβq $ DxC pxq
Dr

Apαq, DxBpxq $ DxC pxq
Dl

Apαq $ DxC pxq
cl, cut

DxApxq $ DxC pxq
Dl

$ DxC pxq
cut

Bpπq � trαÐ as, rαÐ bs, rβ Ð f pαqsu

5/ 13



Regular Tree Grammars

� Def. A regular tree grammar is a quadruple G � pα,N,F ,Rq
� axiom α
� set N of non-terminal symbols with α P N
� set F of terminal symbols with F X N � H
� set R of production rules β Ñ t where

β P N and t P TpF Y Nq

� s ÑG t if s � r rβs and t � r rus and β Ñ u P R
� LpG q :� tt P TpF q | α �G tu where

�G reflexive and transitive closure of ÑG
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The Upper Bound

� Def. For a proof π of a Σ1-sentence define
Gpπq :� pϕ,N,F ,Rq where
N � tϕ, α1, . . . , αnu, F � Σpπq and
R � tϕÑ A | A P Hpπqu Y tαÑ t | rαÐ ts P Bpπqu.

� Theorem. Let π be a proof of a Σ1-sentence. Let π� be a
cut-free proof with π Ñ π�. Then Hpπ�q � LpGpπqq.

� Upper bound, but not least upper bound.
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Cut-Elimination in PA

� Thm. If π is a PA-proof of a Σ1-sentence Dx F pxq, then
π Ñ π� where π� is cut- and induction-free.

� Def. For a proof π of Dx F pxq, write Wpπq for the terms
inserted for x in π.

� If π� is a cut- and induction-free proof of Dx F pxq and
Wpπ�q � tt1, . . . , tnu then PA $ F pt1q _ . . ._ F ptnq.

� Adapt base substitutions to

Γ $ ∆,F p0q F pyq,Π $ Λ,F py 1q

Γ,Π $ ∆,Λ,F ptq
ind
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The Upper Bound in PA

� Theorem. Let π be a PA-proof of a Σ1-sentence. Let π� be a
cut- and induction-free proof with π Ñ π�. Then
Wpπ�q � LpGpπqq.

� uniformity: π : @xDy F px , yq, πpαq : Dy F pα, yq

Gpπpsnqq � GpπpαqqrαÐ sns
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Example (1/3)

� For all m ¥ 2 and n ¥ 1 there is a number between n and
m2 � n which can be written as a sum of two squares.

� Spsnq true iff there are n1, n2 P N with n2
1 � n2

2 � n
Apm, n, kq :� n   k ^ k ¤ m2 � n ^ Spkq

� π :�

....
$ s1   s2^ s2 ¤ pµ2q2 � s1^ Sps2q

$ Dk Apµ2,s1, kq Dr
pISq

Dk Apµ2, ν10, kq $ Dk Apµ2, ν20 , kq
Dl

$ Dk Apµ2, ν1, kq
ind

$ @m@nDk Apm2, n1, kq
@r,@r
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Example (2/3)

� IS :�
....

ν20   κ,Apµ2, ν10, κq $ Apµ2, ν20 , κq

ν20   κ,Apµ2, ν10, κq $ Dk Apµ2, ν20 , kq
Dr

Apµ2, ν10, κq $ Dk Apµ2, ν20 , kq, ν
2

0   κ
 r

pIS1q

Apµ2, ν10, κq $ Dk Apµ2, ν20 , kq
cut

� IS1 :�

pIS11q pIS12q pIS13q

 ν20   κ,Apµ2, ν10, κq $ Apµ2, ν20 , pµ
2q2 � κq

^�

l ,wl,^
�

r

 ν20   κ,Apµ2, ν10, κq $ Dk Apµ2, ν20 , kq
Dr

� IS11 proves ν 10   κ $ ν20   pµ
2q2 � κ

� IS12 proves  ν20   κ $ pµ2q2 � κ ¤ pµ2q2 � ν20
� IS13 proves Spκq $ Sppµ2q2 � κq
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Example (3/3)

� Gpπpµ, νqq � pτ,N,F ,Rq with τ, κ, ν0 P N and R �

τ Ñ s2 κÑ s2 ν0 Ñ 0

τ Ñ κ κÑ κ ν0 Ñ ν 10

τ Ñ pµ2q2 � κ κÑ pµ2q2 � κ R�

� Every witness is of the form 2 �m2i

� No odd sums of two squares
� No Pythagorean triples
� The argument

between n and 2 � n there is a power of two

cannot be obtained (for m ¥ 3).
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Conclusion

� Upper bound on reachable witness terms

� Characterized by regular tree grammar

� First-order logic, Peano-arithmetic

Future Work:

� Characterization of the least upper bound

� Computational use
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