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Deducibility & Logical Constants

Consequence relations

I, vk o, A your preferred deductive formalism
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Deducibility & Logical Constants

Consequence relations

I, vk o, A your preferred deductive formalism
[, v EJd,A (many-valued) semantics
[, v IF 6, A General Abstract Nonsense
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Deducibility & Logical Constants

On the role of the object-language constructors

[FA [FA
LTIFA FFL,A
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On the role of the object-language constructors

[FA [FA
LTIFA FFL,A
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MalF g A FalkB,A
[Fa— 8,A B —oalFA

J. Marcos (LoLITA/DIMAp, UFRN, BR) Simulating Negation in Positive Logic Logic Colloquium 2009



Deducibility & Logical Constants

On the role of the object-language constructors

rEA rEA
TIFA MeE_1,A
o, BIFA INkFea,6,A
ManglFA MNe-avpg,A
Mal-g,A Mal-g,A
Nke-a— 6,A B —oalA
MalkA Nk a, A
Ik ~a, A M ~alEA
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Deducibility & Logical Constants

On the role of the object-language constructors

kA ke A

TIFA Me_1,A

Mo GlFA Mka,s,A
NaNnpGIFA Neave, A

Mol g, A MalEg,A

MN-a— 6,A G—oalA
MalkA Mo, A

Ik ~a, A M~alEA

Consider Consider
Nlozdzefvad:efaﬁl. Ngadéf/\ad:efa—oT.
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Deducibility & Logical Constants

On the role of the object-language constructors (contd.)

Mag,...,anlFA MNkag,...,am A
FE (o, ..., am), A M l(ag, .o am) IFA
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Deducibility & Logical Constants

On the role of the object-language constructors (contd.)

MNLoy,...,anlFA MNkeag,...,am A
FE Moty am), A Ml(a, .. am) IFA
Ia-kEg,A
[Faog,A
LatdFA
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The Profane Approach

How do rules affect truth-tables?
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The Profane Approach

How do rules affect truth-tables?

Consider the simple case of a binary 2-valued connective:

©[1]o
1]1]o0
0 [o0]o

Now, to force the following specific restriction. . .

©] 1] o
1] ...
0| o
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The Profane Approach

How do rules affect truth-tables?

Consider the simple case of a binary 2-valued connective:

©[1]o
1]1]o0
0 [o0]o

Now, to force the following specific restriction. . .

©] 1] o
1] ...
0| o

. one might consider a rule such as:

NLoalFA  TIFB,A
A
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The Profane Approach

How do rules affect truth-tables?

Consider the simple case of a binary 2-valued connective:

©[1]o0
1]1]o0
0 [o]o

On what concerns duality. . .
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The Profane Approach

How do rules affect truth-tables?

Consider the simple case of a binary 2-valued connective:

©J1]o0
1|10
0o [ofo

On what concerns duality. . .

Rearranging now this table, one obtains ©¢:

© o1
0
1|1
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The Profane Approach

How do rules affect truth-tables?

Consider the simple case of a binary 2-valued connective:

©J1]o0
1|10
0o [ofo

On what concerns duality. . .

Rearranging now this table, one obtains ©¢:

©
1

1

0
1

0

0
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What is a ‘Negative’ Constructor?

[ &3] [ ] e3] el

1 1 kinds of affirmation

oF
2 1
e [Tef] [Te
L 1] o
kinds of negation 1 0 1 0 1 1
0 0 1 1 0 o
0 0 1
0 1
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What is a ‘Negative’ Constructor?

| Te3] [ Te] o]

1 1 1 1 1 1 kinds of affirmation
1 0 0
0 0 0 0
ot
2 3 1
= ] @ ] e
1 1 0
kinds of negation 1 0 0 ! 1 1
0 0 1 1 1
(o] 1] 0
0 0 1
0 1

[PureRules, 2005]

A minimally decent negation ~ is one such that:
Malf ~a, A M ~alf oA
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What is a ‘Negative’ Constructor?

| Te3] [ Te] o]

1 1 1 1 1 1 kinds of affirmation
1 0 0
0 0 0 0
ot
2 3 1
= ] @ ] e
1 1 0
kinds of negation 1 0 0 ! 1 1
0 0 1 1 1
(o] 1] 0
0 0 1
0 1

[PureRules, 2005]

A minimally decent negation ~ is one such that:

Malf ~a, A M ~alf oA
In particular, given weakening:
I ~a, A M~alf A
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What is a ‘Negative’ Constructor?

[PureRules, 2005]

An jteratively minimally decent negation ~ is one such that, for each n:
M ~"alf ~"Ha, A M~ ~"a, A
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What is a ‘Negative’ Constructor?

Some properties that a negative constructor should fail to have

Let © be an m-ary connective.
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What is a ‘Negative’ Constructor?

Some properties that a negative constructor should fail to have

Let (© be an m-ary connective.
Say that (©) is assertion-preserving in case:
()= = vpm) =1 = U©(pr,....pm)) =1
Examples: N, V, — and <
Say that (©) is refutation-preserving in case:
vipr)=...=v(ipm) =0 = v(©(p1,.-.,pPm)) =0
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Say that (©) is assertion-preserving in case:
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Examples: N, V, — and <

Say that (©) is refutation-preserving in case:
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What is a ‘Negative’ Constructor?

Some properties that a negative constructor should fail to have

Let (© be an m-ary connective.

Say now that (©) is monotonic over its i-th argument if:

vipi) < v(ai) = v(©O( ) < v(O( . )lpi — ai)
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What is a ‘Negative’ Constructor?

Some properties that a negative constructor should fail to have

Let © be an m-ary connective.
Say now that (©) is monotonic over its i-th argument if:
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Examples:
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Let © be an m-ary connective.
Say now that (©) is monotonic over its i-th argument if:

v(pi) < vig) = v(©O(...)) < v(©(..)lpi— ai)

Examples:

A and V are monotonic over both arguments

— and — are monotonic only over the 2nd argument

A constructor will be called completely antitonic
if it is non-monotonic over each of its arguments.
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What is a ‘Negative’ Constructor?

Some properties that a negative constructor should fail to have

Let (© be an m-ary connective.

Say now that (©) is monotonic over its i-th argument if:
v(pi) < vig) = v(©O(...)) < v(©(..)lpi— ai)
Examples:

A and V are monotonic over both arguments

— and — are monotonic only over the 2nd argument

A constructor will be called completely antitonic
if it is non-monotonic over each of its arguments.
Examples:

~ (both — and —~), 1 and |
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What is a ‘Negative’ Constructor?

Disclosing some further lessons about negation
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From an abstract perspective:
© is assertion-preserving in case I',a1,...,amIF ©(a1,...,am), A
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What is a ‘Negative’ Constructor?

Disclosing some further lessons about negation

From an abstract perspective:
© is assertion-preserving in case I',a1,...,amIF ©(a1,...,am), A

© is refutation-preserving in case I, ©(aa,...,am) IFa1,...,am, A

(© is monotonic over its i-th argument if
NLalkg,A = T,O(..,pi..-)pi— ol lFO(..,pi...)[pi— B, A
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What is a ‘Negative’ Constructor?

[PureRules, 2005]

An jteratively minimally decent negation ~ is one such that, for each n:
M~"alf ~Ha, A M~ ol ~"a, A

Disclosing some further lessons about negation

From an abstract perspective:
© is assertion-preserving in case ', a1, ...,am IF ©(ag,...,an), A

© is refutation-preserving in case I, ©(aa,...,am) IFa1,...,am A

(© is monotonic over its i-th argument if
LalkBgA = TL,O(..,p--)lpi— o] FO(...pi,...)pi— 6], A

A\
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What is a ‘Negative’ Constructor?

[PureRules, 2005]

An jteratively minimally decent negation ~ is one such that, for each n:
M~"alf ~Ha, A M~ ol ~"a, A

Disclosing some further lessons about negation

From an abstract perspective:
© is assertion-preserving in case ', a1, ...,am IF ©(ag,...,an), A

© is refutation-preserving in case I, ©(aa,...,am) IFa1,...,am A

(© is monotonic over its i-th argument if
LalkBgA = TL,O(..,p--)lpi— o] FO(...pi,...)pi— 6], A

| A\

Sine qua non

A negative constructor must be
(iteratively) non-assertion-preserving and non-refutation-preserving,
as well as completely antitonic.
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Negation as You Like It [NTF, 2009]

Consider the following systems:

IL [Zl] add Peirce to Ax
X1 = {/\, V, ~>}

CL[Z]

add T to X4
J K
w T to Ax /
add T—p to Ax J(T) S K(T)
J(L) K(1)
IL CL
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Negation as You Like It [NTF, 2009]

in J:
Here are some remarkable o, ~a k- ~f3
valid inferences: a— B,a— ~FIF~a
alk ~~a
IL[%,] add Peirce to Ax
. /\,i,a}—> CL[Z,]
add T to X;I
J K
ijmAx /
add T—5 to Ax J(T) —= K(T)
J(1) K(L)
11 crL
def def
Assume ~a = —a =a — L.
o
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Negation as You Like It [NTF, 2009]

in J:
Here are some remarkable o, ~a k- ~f3
valid inferences: a— B,a— ~FIF~a
s T
in J(L):
ad“‘“‘l a,~alF 3
J K
ijmAx /
add T— to Ax J(T) —= K(T) \
J(1) K(L)
I cor
Assume ~ o —a o — T,
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Negation as You Like It [NTF, 2009]

in J:
Here are some remarkable o, ~a k- ~f3
valid inferences: a— B,a— ~FIF~a
alk ~~a
IL[%,] add Peirce to Ax CLIEy
I ={A,V,—} .
in J(L):
add T to I, a’Na”_/B
7 K in K:
ijmAx /
a — ~alk ~a
add T—5 to Ax J(T) —= K(T)
a— fB,~a— [BIFB
J(1) K(L)
- = IF a, ~a
I CL

def def
Assume ~a = —a=a — .
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Negation as You Like It [NTF, 2009]

in J:
Here are some remarkable o, ~a k- ~f3
valid inferences: a— B,a— ~FIF~a
alk ~~a
IL[%,] add Peirce to Ax CLIEy
I ={A,V,—} .
in J(L):
add T to I, a’Na“_/B
7 K in K:
ijmAx /
a — ~alk ~a
add T—5 to Ax J(T) —= K(T)
a— fB,~a— [BIFB
J(L) K(1) H_
- = o, ~o
I CL
in K(L):
Assume ~ aZ —a & — T, ~a— al-a
~r~a - a )
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Negation as You Might Imagine It

Consider next the following dual systems:

add dual-Peirce to CounterAx IL [Zg]
add I to Xo
dK dJ
\ add 8—T to Couny
dK(J_) - dJ(J_) add T to CounterAx
dK(T) dJ(T)
CL IL

def def
Assume ~a E ~a = a —o L.

J. Marcos (LoLITA/DIMAp, UFRN, BR) Simulating Negation in Positive Logic Logic Colloquium 2009



A Non-deterministic Approach

On truth-tables

Let (© be an m-ary constructor, and v a valuation.

Deterministic approach:
(D1) ©: V™ — V is a total mapping s.t.:
(D2) V(@(otrs- -+ otm)) = ©(v(ea). - - V(&)
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A Non-deterministic Approach

On truth-tables
Let (© be an m-ary constructor, and v a valuation.

Deterministic approach:

(D1) ©: V™ — V is a total mapping s.t.:

(D2) v(©(a1, ..., 0m)) = ©(v(x1),...,v(m))
Non-deterministic approach:

(ND1) © : V™ — Pow(V) \ @ is a total mapping s.t.:
(ND2) v(©(a1,.-.,m)) € ©O(v(x1), ..., v(xm))
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A Non-deterministic Approach

On truth-tables
Let (© be an m-ary constructor, and v a valuation.

Deterministic approach:

(D1) ©: V™ — V is a total mapping s.t.:

(D2) v(©(a1, ..., 0m)) = ©(v(x1),...,v(m))
Non-deterministic approach:

(ND1) © : V™ — Pow(V) \ @ is a total mapping s.t.:
(ND2) v(©(a1,.-.,m)) € ©O(v(x1), ..., v(xm))

Example (On negation)

O(|VO( CXlAO(

Paraconsistent: ¢ | {1} Paracomplete: ¢ | {0,1}
1| {01} 1| {o}
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A Non-deterministic Approach

Interpretations for K and dK (adaptable for J and dJ)

Assume the classical interpretations of {A,V,—, —} over {0,1}.
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A Non-deterministic Approach

Interpretations for K and dK (adaptable for J and dJ)
Assume the classical interpretations of {A,V,—, —o} over {0,1}.

Interpret T non-deterministically by setting
T:29— {0,1}, i.e, allow v(I) € {0,1}.

J. Marcos (LoLITA/DIMAp, UFRN, BR) Simulating Negation in Positive Logic Logic Colloquium 2009 7/7



A Non-deterministic Approach

Example (On negation)

(Xl\—/OC O(lAO(

Paraconsistent: o | {1} Paracomplete: {0,1}
1| {o,1} 1| {o}

Interpretations for K and dK (adaptable for J and dJ)

Assume the classical interpretations of {A,V,—, —o} over {0,1}.

Interpret T non-deterministically by setting
T:29— {0,1}, i.e, allow v(I) € {0,1}.
You may now in fact define:

—a¥a—-T

def
/—\a:a—OI
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